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The Azbel-Hofstadter problem, i.e. the problem of Bloch electrons in mag-
netic field [1, 2, 3, 4] recently attracts the attention of both condensed matter
and string physicists [5, 6, 7, 8]. It had been shown that dissipative Hofstadter
model exhibits critical behavior on a network of lines in the dissipation magnetic
field plane and the corresponding critical theories represent nontrivial solution of
open string field theory, as it was observed by Callan,Folce and Freed in [7]. From
the other side Wiegmann and Zabrodin [5, 6] by making explicit natural relation
between the group of magnetic translations and quantum group Uqsl2, using its
functional representation, obtained Bethe Ansatz equations for energy spectrum
of homogeneous model for one particular value of quasimomentum (midband
point)
In [8] Faddeev and Kashaev obtained some Bethe Ansatz equations for all val-
ues of momentum by using another method. The functions in these equations are
defined on some higher genus algebraic curve but the explicit solution is obtained
only for the same particular value of quasimomentum in the nonhomogeneous
case.
In this paper instead of reduction of the problem to Uqsl2 we use the functional
representation of Heisenberg-Weyl group and obtain equation for the spectrum
of the model, which is more complicated than Bethes ones, but can be writ-
ten explicitly through theta functions. Considered representation lead to cyclic
representation of Uqsl2 via Heisenberg-Weyl algebra, introduced in [9].
Let us recall the contents of the electron model in a constant magnetic field.
The Hamiltonian is given by
H =
∑
<~n,~m>
t~n,~me
iA~n,~mc+~n c~m (1)
Here c~n, c
+
~n are the annihilation and creation operators of electron at site ~n
of a two dimensional rectangular lattice, A~n,~m = −A~m,~n is the vector potential of
a magnetic field with the strength perpendicular to the plane of lattice and t~n,~m
are hoping amplitudes between the neighbors. We choose them tx and ty in the
horizontal and vertical directions correspondingly. For the homogeneous model
tx = ty.
Note that the hamiltonian (1) commutes with the total particle number op-
erator N =
∑
~n c
+
~n c~n. In the following we consider the diagonalization problem
of (1) in one-particle sector. In this sector the action of translation operator by
vector ~µ can be written by
S~µ =
∑
~i
|~i〉〈~i+ ~µ|,
where the standard bra- and ket- vectors are used: |~i〉 = c+~i |vac〉, 〈
~i| = 〈vac|c~i.
1
We consider the case when the magnetic flux per plaquette
exp(iΦ) =
∏
plaquette
exp(iA~n,~m) (2)
is rational: Φ = 2π P
Q
, where P and Q are mutually prime integers. The product
in (2) is performed on anticlockwise direction.
Taking different gauges one can obtain various equivalent forms of (1). In the
following we will use the Landau gauge, which is defined by
Ax = A~n,~n+~1x = 0 Ay = A~n,~n+~1y = Φnx
Then the Hamiltonian (1) is invariant with respect to the translations S±y =
S±~1y and S
Q
±x = S
Q
±~1x
:
[H,SQ±x] = [H,S±y] = 0
So, the problem of diagonalization of H reduced to its diagonalization on each
eigenspace of SQx and Sy ([4]). The latter is a Q-dimensional space Ψ(
~k), spanned
by Bloch wave functions
ψnx(~k) =
∑
ix=nxmodQ
iy
e−i
~k~i|~i〉,
which satisfy
ψnx(
~k) = ψnx+Q(
~k)
S±yψnx(~k) = e
∓ikyψnx(~k) (3)
S±xψnx(~k) = e
∓ikxψnx∓1(~k)
Let us define also the generators of magnetic translations by
T~µ =
∑
~i
eiA~i,~i+~µ|~i〉〈~i+ ~µ|
for ~µ = ~±1x, ~±1y. They satisfy the following relations
T±yT±x = q
−2T±xT±y T±yT∓x = q
2T∓xT±y (4)
and form Heisenberg-Weyl group. Here we used the notation
q = exp
(
i
Φ
2
)
= exp
(
πi
P
Q
)
Note, that is any gauge SQx,y = T
Q
x,y (in the Landau gauge moreover Sx = Tx).
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The action of magnetic translations T±x, T±y on Bloch functions ψnx(~k) has
the following form:
T±yψnx(~k) = e
∓iky±inxΦψnx(~k)
T±xψnx(
~k) = e∓ikxψnx∓1(
~k) (5)
The Hamiltonian (1) can be written in terms of the generators of magnetic
translations by H = tx(Tx + T−x) + ty(Ty + T−y) ([5, 6]).
Note that on Ψ(~k) the Q-th power of magnetic translations are scalars:
TQ±x = e
∓iQkx · id TQ±y = e
∓iQky · id
To define the functional form of equation Hψ = Eψ let us recall the repre-
sentation of Heisenberg-Weyl group (4) on the space of complex functions ([10]).
It can be constructed in the following way.
Define the actions Sb and Ta, a, b ∈ Z on the space of analytic functions on
the complex plain as
Sbf(z) = f(z + b) Ta(τ)f(z) = exp(πia
2τ + 2πiaz)f(z + aτ)
for some τ ∈ C. Then
SaSb = Sa+b Ta(τ)Tb(τ) = Ta+b(τ) SaTb(τ) = exp(2πiab)Tb(τ)Sa
Consider the space of theta functions with characteristics Θ(Q)(z, τ), which
are invariant with respect to subgroup, generated by S±Q and T±1(τ). They
form the Q-dimensional space ThQ(τ) and have in the fundamental domain with
vertices (0, τ, Q,Q+ τ) precisely Q zeroes.
The space ThQ(τ) forms an irreducible representation of Heisenberg-Weyl
group (4), generated by
T±x := α±T∓ 1
Q
(τ) T±y = β±S±P = β±S
P
±1 (6)
One can choose the basis Θa,0(z, τ) of ThQ as follows:
Θa,0(z, τ) = (Ta(τ)Θ)(z, τ),
where a = 0, 1/Q, . . . , (Q − 1)/Q. and Θ(z, τ) = Θ0(z, τ) is standard theta
function. 1 In this basis
S±1Θa,0 = exp(±2πia)Θa,0
1We used the standard notation of theta functions with characteristics
[
N
M
]
:
Θa,b(z, τ) = Θ
[
a
b
]
(z, τ) = TaSbΘ(z, τ)
, where a ∈ 1
N
Z mod1, b ∈ 1
M
Z mod1 ([10]).
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T± 1
Q
Θa,0 = Θa± 1
Q
,0
Comparing these equations with (5),(6) we obtain for parameters α±, β±
α± = exp(∓ikx) β± = exp(∓iky)
The space Ψ(~k) is identified with the space of theta functions with characteristic[
Q
1
]
:
ψnx(
~k) ∼ Θnx
Q
,0(z, τ)
The representation (5), (6), of course, is equivalent to standard one by Q×Q
matrices:
Tx = α+


0 1 0 . . . 0
. . . . . . . . . . . . . . .
0 0 0 . . . 1
1 0 . . . 0 0


Ty = β+


1 0 0 . . . 0
0 q2 0 . . . 0
. . . . . . . . . . . . . . .
0 0 0 . . . q2(Q−1)


Note that one can represent the generators J±, J0 of quantum group Uqsl2
[J+, J−] =
q2J0−q−2J0
q−q−1
qJ0J±q
−J0 = q±1J±
in terms of magnetic translations ([5, 6]):
J+ =
txTx+tyTy
q−q−1
J− = ∓
txT−x+tyT−y
q−q−1
q2J0 = ±qTxT−y = ±q
−1T−yTx (7)
This is the cyclic representation of Uqsl2, earlier constructed by Floratos in [9].
The functional representation of Uqsl2 for spin-j representations, used in [5, 6]
for solving (1) for special value of momentum by means of Bethe Ansatz, has also
the structure of (7), where tx,y and the generators of Heisenberg group are defined
by the following
T±xψ(z) = −q
∓j+ 1
2z±1ψ(q±1z) T±yψ(z) = q
±j− 1
2 z±1ψ(q∓1z)
tx = q
−j− 1
2 ty = q
j+ 1
2 (8)
Note that the representation (8) of T±x, T±y is infinite dimensional in contrast
with the representation (6). It becomes finite dimensional after its restriction (7)
on quantum group.
4
The space ThQ(τ) have some analog with the space of polynomials of degree
Q− 1. The polynomial decomposition analog for the Θ(Q) is the following.
Every Θ(Q) ∈ ThQ can be represented in the form
Θ(Q)(z, τ) =
γ exp(−2πikz/Q)Θ
(
z − z1
Q
,
τ
Q
)
Θ
(
z − z2
Q
,
τ
Q
)
. . .Θ
(
z − zQ
Q
,
τ
Q
)
,
where
Q∑
i=1
zi = kτ + nQ, k, n ∈ Z, 0 ≤ k, n < Q, γ ∈ C
Then for H = Tx + T−x + Ty + T−y the Schro¨dinger equation Hψ = Eψ after
rescaling of the arguments of Θ(z, τ): z → Qz, τ → Qτ can be written in terms
of products of theta functions. We’ll write them in terms of
Θ1(z, τ) := exp
(
πiτ
4
+
πi
2
+ πiz
)
Θ
(
z +
τ + 1
2
, τ
)
,
which obey Θ1(0, τ) = 0, by performing additional substitution: z → z +
1+τ
2
.
(−1)Pβ+ exp
(
−
2πikP
Q
)
Q∏
i=1
Θ1(z − zi +
P
Q
, τ) +
(−1)Pβ− exp
(
2πikP
Q
)
Q∏
i=1
Θ1(z − zi −
P
Q
, τ) −
α+ exp
(
πiτ
1 + 2k
Q
− 2πiz
)
Q∏
i=1
Θ1(z − zi −
τ
Q
, τ) − (9)
α− exp
(
πiτ
1− 2k
Q
+ 2πiz
)
Q∏
i=1
Θ1(z − zi +
τ
Q
, τ) =
E
Q∏
i=1
Θ1(z − zi, τ)
The roots of right and left side of (9) must coincide. So, inserting the zeroes of
Θ1 z = zi, i = 1, . . . , Q, we obtain the system of Q equations for the parameters
zi:
(−1)Pβ+ exp
(
−
2πikP
Q
)
Q∏
i=1
Θ1(zj − zi +
P
Q
, τ) +
(−1)Pβ− exp
(
2πikP
Q
)
Q∏
i=1
Θ1(zj − zi −
P
Q
, τ) − (10)
5
α+ exp
(
πiτ
1 + 2k
Q
− 2πizj
)
Q∏
i=1
Θ1(zj − zi −
τ
Q
, τ) −
α− exp
(
πiτ
1− 2k
Q
+ 2πizj
)
Q∏
i=1
Θ1(zj − zi +
τ
Q
, τ) = 0
This is the analog of Bethe Ansatz equation for considered case. The equations
(9) can be rewritten in the following way:
(−1)Pβ+ exp
(
−
2πikP
Q
)
Q∏
i=1
Θ1(z − zi +
P
Q
, τ)
Θ1(z − zi, τ)
+
(−1)Pβ− exp
(
2πikP
Q
)
Q∏
i=1
Θ1(z − zi −
P
Q
, τ)
Θ1(z − zi, τ)
−
α+ exp
(
πiτ
1 + 2k
Q
− 2πiz
)
Q∏
i=1
Θ1(z − zi −
τ
Q
, τ)
Θ1(z − zi, τ)
− (11)
α− exp
(
πiτ
1− 2k
Q
+ 2πiz
)
Q∏
i=1
Θ1(z − zi +
τ
Q
, τ)
Θ1(z − zi, τ)
= E
All 4 terms in the sum on the left hand side of (11) are elliptic functions, i.e.
2-periodic, in the fundamental domain with vertexes (0, τ, 1, 1 + τ), and each of
them has precisely Q zeroes and Q poles there. Let us suggest that all poles are
single. It is known that such an elliptic function can be written in the form
f(z) = C +
Q∑
i=1
Aiζ(z − zi), (12)
where ζ(z) is a ζ-function of Weierstrass for the same periodicity domain. For-
mula (12) is an analog of decomposition od rational functions with single poles
in terms of functions 1
z−zi
.
Putting (12) like decomposition for elliptic functions into (11) one can verify,
that the conditions of cancellation of the poles precisely are coinciding with the
(10),which are the equations for zi. Then the energy E is constant function C in
this decomposition.
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